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The paper gives the solution of some problems of torsion for shafts of
circular cross-section of variable diameter. Cases are being studied in
which the shaft has the form of a truncated circular cone twisted in the
one case by a load distributed over a part of its lateral surface and in
the other by concentrated moments also applied to the lateral surface of
the shaft.

Another subject of study is the torsion problem for a hollow hemi-
sphere by a load arbitrarily applied to its surface.

The solutions of these problems are represented by means of series in
terms of Legendre’s polynomials and of trigonometric functions.

The torsion problem of a conical shaft acted upon by moments applied
to its end surfaces was first considered by Foeppl [1]; he obtained the
solution of the problem with the aid of a potential function. The torsion
of a conical shaft among other solids of revolution has been studied also
by Lokshin [2 1. The solution of the torsion problem for a hollow conical
shaft was given by Panarin [3 ]. The torsion of a conical shaft with the
twisting load applied to its lateral surface according to a power law
was investigated by the author [4 ]. The torsion problem of a sphere
under concentrated moments is considered in the contributions of Snell
[10 ] and Huber [11 ]. Some further problems dealing with torsion of
shafts of variable cross-section have been studied in spherical coordi-
nates in a publication by Solianik-Krassa [5 ].

1. Statement of the problem. The torsion problem of a solid of
revolution under axisymmetrical loading will be treated in the following
by means of a displacement function y{r, z), which satisfies the differ-
ential equation
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#Y | 30Y | Y

st et s =0 (t.1)

in the region of the axial section of the solid and the normal derivative
LA ESur D) (Su(r D) = Tre00S (V) + T 008 (2, V) (1.2)

is given along the boundary line of the axial section. S, (r, z} repre-
sents the projection of the complete shear stress on the normal to the
contour of the axial section, while
dz
ds

dr
T ds

v ) dr
Tr@ = Gr ~a‘r~ y (e (r, V) = d—v‘ =
v dz (1’3)
‘l.’W:Grfa?, C—OS(Z,”\J)_—‘d—v:

The twisting moment of the external forces, distributed over the free
surface of the solid of revolution from one point of the axis of the
solid to any cross-section of the latter, determined by the distance s

along the generatrix of the solid, equals
8

M(s) = Zagrz ) S, [r (s), z(s)]ds (1.4)
L]

Carrying out the integration along the entire length of the generator
of the shaft from one point of the axis to the other, we arrive from
(1.4) at a relation representing the equation of equilibrium of moments,

which produce the twisting of the shaft,

Transformation to spherical coordinates
p, 0, ¢, and to polar coordinates p, 8, or

t, £, in the rz-plane, by means of the
- formulas

(1.5)

£ r—psind—=pe PT—EE—cosh—=—"
4 P P ? A V'rz—{-z"
rig. 1 .
8 2 = pcos 0 = pgelk, t=Inf =1 Vrtz

Po Po

where p is the radius vector of a point in the axial section of the solid
of revolution (Fig. 1), while @ is the angle between the radius vector p
and the z-axis and p, represents the distance of an arbitrarily chosen
point M, on the contour of the axial section of the solid, replaces Equa-
tion (1.1) by

ey A oy
W+(1*§2)%}+3%*4§¥=0 (1‘6)
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with the notation
Yir@t), 2@ 8l =Y(8) (L.7)
In the new coordinates we have the expressions
o=t =GVI—B5, T—m——GU—8)% (18

for the stress components.

2. General solution of Equation (1.6). Substituting into (1.6)
the formula

V(6L =THe® (2.1)

and separating the variables for the purpose of determining the functions
T(t) and ¢(£), we obtain two groups of equations

1 =8¢ () —4¢ E)+A9®) =0, T"O+3T"H—AMTH=0 (2.2
(1—=89¢"(€)—45¢' ) — M) =0, T'()+3I" (") +AT()=0 (2.3)

The solution of Equations (2.2) is given by the functions

%®=§mm@+3@@1 (2.4)

To(t) = et [Csmh(zn kLR PCLE S ] (2.5)

where P (£) is Legendre’s spherical function of the first kind and nth
order [6 1, while Q (£) is a function of the second order and A is con-
nected with n by means of the equation

AM+2—n*—n=0 (2.6)

We use only the solutions for which n is a positive natural number;
then the functions P, (£) and Q,(£) will be legendre’s polynomials of
the first and second order, respectively. Since the function Q’(¢)
approaches infinity when ¢ = 1, the coefficient B is to be taken equal
to zero in the solution for solid shafts.

The solution of Equations (2.3) is given by the functions

P () = 75 4P inys () + BO-vetnys )] (2.7)
(o= Ve — 7

Ty (t) = e/ (C sinpyt -~ D cos pyt) a 2.8)
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where P_ V2+m, i (£) and Q"1/2+-#ki (£) are conical functions [6,7 ].
The coefficient B in (2.7) is again to be taken equal to zero in the solu-
tion for solid shafts.

Finally, we note that the functions

PR SIS RN -

L g—r E“‘—'— 2 n1_§ (2‘9)

are also particular solutions of Equation

(1.6).

The general solution of Equation (1.6) .
is to be set up with the aid of the func- Fig. 2.
tions (2.4), (2.5), (2.7), (2.8) and (2.9).

3. Torsion of a conical shaft under arbitrary loading of
its lateral surface by shear stresses. Consider a shaft of
circular cross-section of variable diameter, having the shape of a
truncated cone (Fig. 2). Assume that this shaft is being twisted by con-
centrated moments , and M,, applied to the plane end surfaces and an

arbitrary loading applied to its lateral surface. Using the relation
(1.4) we have

To Rn
My=— 2n& P, (r, a)dr, M, =2n g ret,, (r, b)dr (3.1)
0

0
On the lateral surface of the shaft the stresses

ot B) = Su[r (¢, ), 2 (8 E)] = 12.(0) (3.2)

are given, where £, = cos a, while f,(t) is a function sectionwise con-
tinuous in the interval (0, t;) of bounded variation in this interval.

In accordance with (2.7), (2.8) and (2.9) we assume the solution for
¥*(t, £) to be of the form

W (ty g) = Aopo"Sp—I!l -+ BOP'_% (g) et 4+ Z BhP,—-‘/,-l—pki (g) T, (t) (33)
k=1
where E<E<L, 0t ty)

Ty () = e~ cos pyt, uy = kt—’: (k=1,2,...) (3.4)
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b

VRZ L2 —_—
_"j‘_:ln_a_’ P():V"oz—f—ag

tl = ]Il %

The functions T,(t) are orthogonal with the weight e3!, and they
satisfy the relations
i ty

0 (p=Eh)
VT, (1) dt = 0, Tk (D) Ty (t) dt = 3.5
§e k(D) di Ogé k(D) Ty (t)dt {%51 (p=k) (3.9)

In cylindrical coordinates the displacement function ¥(r, z) assumes
the form

A Bopy 2 z
W (r, 7) = 0 RN oPo - 2 L
. 2) (r2 4237 (r2+z2>“/‘P"/2(Vr2—+z?) '

;%BP’ et )T I Y2
=t —tnet (v (0 H5)

Computing the stresses r and r 4 we find

(3.6)

Te: (7, 2) = Gr %%,r' =Gr {— SAO——_Z_.{?—)?/; + Bopo™ [——i—pﬂ—% ( "’ )—‘

* + (r® 23/t Ve
3z , / = < r2 z
— ) 1 T _pr I
2 (2 4 %) Py, (Vm)] ‘ El By [(,.2 ) Pty (Vﬁf‘zﬁ) X
, Viisady | 2 o, oz iy VL2
X Th(ln ~ )+ = S P (m> T, (1n - )]} (3.7)
Tt D) = —G(L—8) 55 = —G(L— &) [Boe Py, () -
ST ok 150 — (&) (3.8)
o0
+ 2 BP0 (8) T (0)
k=1
Using the expansions
Filt) = gt 4+ X g Ty () O<e<ty (3.9)
k=1
where
¢ 2 ¢
s=g\hod,  g=2\en@Tma (3.10)
0 0
we obtain from condition (3.2) the expressions
— &o o By
BO - G(1— £1%) P'v_,),z (E1) ' Bk - G(l —59 P”—‘f,g+pk£ 1) (311)
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Satisfying the first of conditions (3.1) and eliminating from the ex-
pression thus obtained the coefficients B, and Bj, we obtain

3 oing oo
_ M Po S0 “[_3_ £k 2 ] .
Ao = 90600 T G L2 kz_}l P +_9.,+ 7 8o (3.12)
— 4

where use is made of the notation

¢ =2—3cosa - cos?a (3.13)

and the equality 4 ré . " ]
or [(r2 + z2)%2 L@ P_ Yrtpgd (®)

.9 3 2 ” , .
— (2t 1) e P @ T 0 + 2P O T4 [314)

Satisfying the second of conditions (3.1) and eliminating from the re-
sulting expression the coefficients A,, B, and By, we obtain an equality
connecting the Fourier coefficients g, and g, with the moments M, and M,.

Fig. 3. Fig, 4.

This equality represents the equilibrium equation for the moments
which produce the twisting of the shaft; it has the following form:

11'[1 + ﬂ[g

. 2 s 3 < g [l (— 1)ftLg¥h
s edsinta g (@l — 1) — 5 3L !

s + H;.;z

}:0 (3.15)

4. Special cases. 1. Truncated solid cone twisted by moments Ml and M2
applied at the ends z = a and z = b, Since in this case the lateral sur-
face is free of loads, we must have Bg = &, = 0. The equilibrium equation
(3.15) assumes the known form #y =~ Mé = M. Prom (3.11) and (3.12 we
obtain the constants of integration

M

By = B, =0, Ao = 2nG (2 — 3 cos o + cos® ) .0
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This leads to the Foeppl solution [11].

2. Truncated cone twisted by loading applied to two regions of the
lateral surface of the shoft (Fig. 3). The plane bases of the cone are
assumed to be free of loading (the analogous problem for the cylinder
was considered by Filon [8 1). In this case

My=M; =0 (4.2)

Suppose the loading is distributed over the lateral surface of the
shaft in accordance with the law

§ 41 (O < i < 81), (81 e ll’l ay ,’/ a)

t, = 1)y = 4.3

Tao (1 81) i) {—Pz (t1—ea <t <ty), (e2=1Inbj;by) (43)
Using Expression (3.10) we find

2 e Iz 3/ (t—¢5)
go=73; [P (™ —1) — pa (e — e BT (4.4
2 {p [e’/,s, (u sin &1 -+ — cos e) —3—] 4
g, = "7o 1 k k<1 kl - - )
k tl(%+uk2) 2 2 {4.9)

— ps [% (— 1)ke'/zix___ e r(ti—es) <“k sin 1y (t1 —e2) + 'g" cOS [y, (t1 — 82))]}

The displacement function is determined in this case by Expression
(3.3), where the coefficients Ay, Bo and Bk must be computed by means of
Formulas (3.11) and (3.12), with relations (4.2), (4.4) and (4.5) taken
into account.

3. Truncated cone twisted by concentrated moments (Fig. 4). For the
case of an infinitely long cylinder such a problem has been studied by
Timpe [91].

Let the shaft be twisted by concentrated moments M1 and M2 applied to
the plane end surfaces of the shaft, and a moment M3 applied to its
lateral surface.

We represent the lateral torque by a loading distributed over a region
of width 2¢ of the lateral surface of the shaft according to the law

O<t<<tty—e, to+e<<t<ty), (Ho=In(c/a))

(to—e <<t <ty+e), (ti=1In(b/a)) (4.6)

0
Tz (L) E1) = fi(t) = {_ ,

Then the torque H3 is determined according to (1.4) by the formula
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g
My = — 2o sin? o 5 Sy (tydt = —;— 7pg® sin? a3’ painh3e (4.7)
0

Having computed g, and g in accordance
r with (4.6) and (3.10), using relation (4.7)
and passing to the limit at ¢ » 0, we find for
these coefficients the following expressions:

Mye™ 7o
80 = " Dntiped sin® a (4.8)
ﬂ]se_,ﬂh ¢os p’}(tu
8= T Dmppema | H0C0SHyb

The displacement function is determined in
this problem by Expression (3.3), where the
coefficients 44, Bo and B, have the values
(3.11) and (3.12), taking into account the
Fig. 5. values determined by Formula (4.8).

9. Torsion of a hemisphere. Consider a solid of revolution
having the shape of a hollow hemisphere (Fig. 5), and assume that it is
being twisted by a loading arbitrarily applied to the free surface of the
solid, so that

T (L, 0)=/1(1) O<i<t) (h=In(b/a) (5.1)
T (0, E) =/2(8), Te(tnE)=/:(8) ©O<E (5.2)

The functions f; are here sectionwise continuous with bounded vari-
ation in the respective intervals. The solution of Equation (1.6) is, in
accordance with (2.4), (2.5), (2.7), (2.8) and (2.9), to be taken in this

case in the form

W' (2, B) = Age™¥ + e~ ) [Agsian oyt + Crommotyt] @opps (8) + (5.3)

k=1

. 0 , 0<t<ty 4k + 3
+ B et P '*—l/z(g) -+ 2 ka — 1(E)T (t) 1 =
o R fatig x (0<§<1) (“'f 2 )

where the function T)(t) is determined by (3.4); furthermore, the func-

tions ¢y, . 1(£) = dPy,, ((£)/d§, where Py, 1(£) is Legendre’s polynomial
of the first kind, are orthogonal in the interval (0,1) with the weight
(1 - ¢?), and they fulfil the relations [6 ]
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(1~ E) Goetn (B (B2 = | v (5.4)
3 21 opHi s 1@;{7.;/? (gsg+ﬁ) (p=k=0,1,2,..) .
For the stresses we find
gay O - : oy
Teo(t B) = —G(L—8) 5 c:s(@mgz){ et E [Aj sinnotgt - (5.3)
sv::t

+ Croontit] Qa1 (§) -+ By Py, (E) e - 2 BiP’ i (8) 1 (f)’1

lt, B =GV T B =GV I= 834+ (5.6)
3t o
-3 [[Ak (4k + 3) — 3Cylcoshatyt - [Cpy (4h - 3) — 3.4,] makt] >
k==t

X Qurs (B) — o BP'_yy (8) e f>_ BeP' i (8) T ()

Satisfying condition (5.1), we obtain

—G {6“‘";"’ % [Agsinnotgt - Croosdtyt] @'sppq (0) -+ 61
2
+ ByP"y (0) e~ + 2:1 BiP"ti () T (0] = 11(1)
Since the equations (see [6 1)
Papta ()= 753 Pors (¢ 2 (4 = 1) (2p — 2 + 2) (2p +- 2+ 1) Py, ()

Pya(0)=0 (=12..)

lead to
(92123»%»1 0)=10 (5.9)

relation {5.7) assumes the form

e

— G By, (0 e 4+ DB (O T (D1 = /1 (8)  (5.10)
i==1

Expanding the function f,{¢) into a series (3.9) in terms of the
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functions T,(t), we derive from (5.10)

R0 By — — ok 5.1
BU GP:,z(O) ) k Gpi_x/ﬁipki (0) ( )

Satisfying the first of conditions (5.2), we obtain
GYT=E {— 340+ 1 2 [Ax(4k +3) — 3Cuqura (B)—

— 4 BoPLy, @) — 3 X BePos Q) = 2 B) (5.12)

Expand1ng the function f,(£) into a series in terms of the functions
- EDY2 gy 1(8), we find [6]

128 =@V T—E -+ 2 ax (1 — Eys (B) (5.13)
k=1
where
z—w Y AGLE (5.14)
T = T SV’ T8 /2 (8) Pora (B)E

0

Multiplying, furthermore, Equation (5.12) by v (1 - £?) and integrat-
ing with respect to & between the limits zero and one, we find

oo P:Jz‘xd(m
246G - GBP o (0) - G By i 2y (5.13)

9,2
k=1 47Ty

This result has been obtained with the aid of Equations (5.4) and (5.14)

(5 =1
1 —8) Pl @)t = L (&2 —1)2 Py, (&) |} = — L PL,,(0) (5.16)
L]
d (Ea”‘“l)l P:J/,J_y i (E) ! P:l/ ¥ (0)
1 — g 9 — FEaaits S _ z+l‘]|-1
é (L —E3) Plyoy,i (B)dE T 0 T

Substituting the values (5.11) into (5.15) and solving the resulting
equation for A;, we find
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1 . 9 -
Ao: 30 <ao + 8o+ % 9/4+P'h ) (0'17)

Multiplying Equation (5.12) byy (1~ &2 )¢2 +1(£) and integrating the
resulting relation with respect to & between the same limits, we find,
with the aid of (5.4) and (5.14)

1
R 1) (2 2 3 ‘
Cldpip 43 =3Csl G BEED 2 6B, { (1 — &) PLoy(E)gupea (8) dE —

0

1

: ’ 2 1) (2 2
B\ (1 — &) Plniny () @upa (8) d = EEHEED o
0

3
— =G

K

1

(5.18)

let us compute the integrals appearing in (5.18). Since the functions
$2p+ 1(€) and P 124 i (£) = y,(£) satisfy the equations
(8 — 1) yi" (8) + 4Eyn’ (B) + (w® + /) yx (§) = 0 (5.19)
(B — 1)y, (B) + 489, (B) — (4P° + 6P) @2p11 (§) = 0

we proceed as follows: multiplying the first of these equations by

(&2 - 1)<;S2 +1(£) and the second by (&2 - 1)y, (£), and subtracting the
second from the first, we obtain the relation

7 (B — 12 (9o B3 ©) — @}y, @ v ) =
= [+ (5 + 2] (1 — ) @upia (B s (8) (5:20)

Integrating the latter with respect to £ between the limits zero and
one, we have, with the aid of (5.9)

1
\ (1 =89 Pl (8) @apa (8)

( 2——1 2 ” —_ ¢ 4 1 ~ o
:E%;—_%Z_P)T[(P‘JP-H (&) P—‘/z+uki(§) Papt1 (8) P~'/z+:»ki(§)] o (9.21)

Pt ©

P‘A + (3/2 - 2p)? Pap+1 (O)

We note, furthermore, that [6 ]
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Papt1 ) = 55 Prors () = % (4 + 1) Pos 8) (5.22)
Py (0) = (—t)r 235 L) (5.23)

Therefore
B 0 = 3 (—piBE By o2 (50

k=0

For the other integral we find the value

1 , 4P~ (0)
gu — B Py (8) Qup1 () 48 = — o357 Papa(0) (5.25)

0

Substituting the values (5.21) and (5.25) into (5.18), we find

Ap(4p+3) —3Cp = 0y (5.26)
where 4 (5.27)
_ 6@zp-+1 (0) 34p+3) 9pp1s (0 < £
=ttt oG T ot Te e tD & W T ORI

Analogously, satisfying the second of conditions (5.2), we obtain the
relations

had k
AO = _3_1&_‘ [ bae:ih ..;_. gueﬁfeh "§~‘ _.z_e’fzfx Z m] (528)

8 2
Rl i4 + uk

Ap [(4p+3)coshotpt; —3 sisndigty |-+ Cop [(4p - 3) sinn oty — Jeoshoty t] = é— Ny (5.29)

1

where the notations P —
b= F\VT=E/@)d
3 (5.30)
1
4k 3 T 5
by = mﬁ—g—m S V'L —8 /3 () farsa (§)dE
0
— ety Bq}2p+1 (0) o i =
Ny = byeits + Cr+HCp+2)Gp+3) 0T (©.31)
L 3UPE D Gy, O 3 (D

2P+ D Cp+2) 2w+ G+ 2p7
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are used.

Combining Expressions (5.17) and (5.28), we obtain the following re-
lation:
gL+ (—F Ay

o
. 9 .
Qg == boemx ~+ 8o (1 —e /@tl) -+ T ? TR =0 (.732)

This i1s the equation of equilibrium for the torques twisting the shaft.

Solving Equations (5.26) and (5.29) for AP and Cp, we find
i — 1
PTG Rp+3)p

1 , : ;
Co = Sy AP+ 3) Nyeosechatpt; — O [(4p - 3) comwayty — 3]}

{Op [4p + 3 — B coth cply ] + 3N pooseenatyty}  (5.33)

Finally, substituting the values (5.11), (5.17) and (5.33) into (5.3},
we obtain the following expression for the displacement function ¥W* (¢,&):

oo
9; 43 \};
fa v o)
po—y ;4"?‘{‘;;;

. - o
Y (t, ) =— 55— (Céw - 8o

T ;—3 Papy (E)
4G 2p-3)p

=1

{(}? {3sinhcxp {t, — t)eosechaly §; —

— (4p -~ 3)eoshaty, (; — t)coseeniyfy | — Ny [3sinb o leosecnot,fy -+

goe—s/zt P:_l/z 3] L

- (4[) - 3)coshocptcosecn0£pt1]} e g P 0
~1/s
o , .
_80f P, ; (§) 3
/2 —Yebppt 0 kmt -
__ ¢ — Z ok _”_f:.f“.l*i_m__.ggs —?v— (*).34}
k=1 P tupd ©) '

Tt is easily seen that the series occurring in Expression (5.34) are
convergent.

Using Formulas (1.8) and (5.34), we can determine the stresses at any
arbitrary point of the axial section of the hemisphere.
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